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T h e classification of states in the fermion-fermion Bethe-Salpeter equation is discussed. They are 
related to the states in the fermion-antifermion case discussed before. This enables us to obtain 
restrictions on the interaction in quark models. Some models used in the literature are thereby 
found to lead to unphysical predictions. 

1. Introduction 

The numerical solution of the Bethe-Salpeter 
(BS) equation in realistic cases is beset by numer-
ous difficulties. Besides the problems related to 
singular interactions which arise from renormal-
izable Lagrangians, it is the large number of cou-
pled equations in the spinor-spinor case which ren-
ders a numerical solution a difficult task. The im-
portance of the spinor-spinor BS equation must not 
be stressed here, as physical applications we men-
tion only positronium, various quark models, and 
nucleon-nucleon scattering. 

In order to reduce the number of coupled equa-
tions as far as possible one has to investigate the 
symmetry properties of the equation very carefully. 
Especially we are interested in symmetries arising 
from the Poincare group. These symmetry proper-
ties have been exploited in a previous paper 1 (re-
ferred to as I in the following) for the fermion-
antifermion case. Here we extend this investigation 
to the fermion-fermion problem. 

This case has been studied before in the helicity 
formalism2 '3 which is suited for the scattering prob-
lem. But we feel that our approach which is guided 
by the analogy to the non-relativistic angular mo-
mentum reduction has its own merits. It will allow 
for a detailed comparison of the fermion-fermion 
and fermion-antifermion problem. In respect to the 
quark model we will demonstrate that a simultane-
ous treatment of the diquark and quark-antiquark 
problem may reduce the freedom in chosing the in-
teraction. 

2. Fundamentals 

We are interested in the symmetry properties 
under Lorentz transformations of the fermion-
fermion BS-amplitude 

*aß(xi,x2) = {0\Tya{x1)xpß{x.2)\a) . ( 2 . 1 ) 

The state ja) is assumed to be characterized by 
momentum P„, angular momentum j, spinprojec-
tion j3 , and parity . Furthermore, we have the 
exchange properties 

*«/»(* i,z2) = ~rßa{x2,x1) (2.2) 

since Ave are dealing with identical fermions. For 
simplicity, we deal with fermions without internal 
symmetries. The incorporation of isospin or SU(3) 
is straightforward and leads to no problems. 

From the quantum numbers of the state ja) we 
construct eigenvalue equations for the BS amplitude 
t (x1,x2). The procedure is completely analogous 
to the fermion-antifermion case. So we give only 
the results. For the momentum, we find: 

/ . 3 3 \ 
\ ~1 ~ 1 3 V.y" J Xaß ̂ ' = Taß ^ ' X ^ 

(2.3) 
which is identical to the fermion-antifermion case. 
More interesting is the angular momentum. The 
action of the generator M/IV on the state a) may 
be represented as follows: 

• ( 3 3_ _ 9_\ 
~ _ l r " 3 x / ~ X u dxf + X 2 " dx2* ~ X 2 v dxo/l 

•*ati{x UX2) ( 2 . 4 ) 

+ 2 ay rrß (2*1 ,X2) (2ß9) ßy t a , . [xt, x2) 

with 

•^HV— A ( / V Vv ~~ 7v 7n) • 

(2.4) is different from the corresponding fermion-
antifermion equation in the spin-dependent part. In 
a shorthand notation, it now reads 2 „ r t + 
compared to 2flv x — r 2ftv before. This difference 
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may be remedied if we consider instead of T the 
quantity 

T aß(xl> ^ 2 ) = ray(xli ^ 2 ) ^Vß ( 2 . 5 ) 

where Cyß is the charge conjugation matrix. Since 
C C - 1 = we now have instead of (2.4) : 
(0 I T{y>a(arj ipy(,x2)} Mtlv |a) C~\ 

_ . / 3 3 _ _ 3 _ _ 3 _ \ 
~ 1 r 1 " 3 v X l v 3x i " + X'2u * * dxf I 

x'aß{x1,x2) (2.6) 

nv) ay 1 yß (^1 •> ^2) 2 ftv) yß ^ ay 1 ' 

(2.6) is identical to the fermion-antifermion case. 
Therefore we will use x'aß (xt, x2) in the rest of 
this paper. (2.3) holds equally for x since it does 
not involve the discrete indices. 

The question of parity is somewhat intricate. If 
we define x = isx= (x0, — JC) we have the trans-
formation law for the field operator 

U( i , ) y> (x )U-HH)=t iY 9 y>(z ) (2.7) 

with a phase factor rj. Since two successive reflec-
tions are indentical to a rotation of 2 Tr or a resto-
ration of the beginning we have 

± 1 or rj = 
± 1, ± i . Since for the adjoint field operator U(iB)y(x)U-i(is) = (2.8) 

we get rjrj* = 1 in the fermion-antifermion case. So 
the actual value of rj does not matter there. But in 
the fermion-fermion case we have a change in sign 
depending on rj. It will, however, be of no impor-
tance since parity may be defined consistently only 
on parts of the complete Hilbert space with constant 
fermion number4. So we may safely put rj = 1 there-
by fixing the relation of parity in different sub-
spaces. The eigenvalue equation for x is now de-
rived readily. We write it down immediately for the 
relative wave function cp (x) : 

7o<p'( i )yo= - n v < P ( x ) (2.9) 
with a change in sign compared to I. This is the ex-
pression of the fact that antiparticles have opposite 
intrinsic parity compared to particles. 

Finally, we have to transcribe the Pauli principle 
(2.2) to cp'. We find 

C<p'T(-x)C~i=<p'(x) . (2.10) 

This is identical to the charge conjugation equation 
in I with rjc = -f 1. We might get a different sign on 
the righthand side of (2.10) by the introduction of 
internal symmetries. 

3. Classification of States 

Since the eigenvalue equations derived in the 
preceding section are identical to those given in I, 
we can immediately write down the complete clas-
sification of states in terms of the quantum num-
bers. x' is first divided into the centre of mass 
motion and a relative wave function according to 
( 2 .3 ) : 

t'aß (xl, Z*) = <Paß(x1~X2)exp{iP(x1+X2)/2} - (3 .1) 

cpaß is expanded in terms of the elements of the 
Dirac algebra: 

<p(z) =S(z) +y5P(z) +y0Vi(z) +70y5Ai(z) 
8 

+ 2 (r» Vi (z) + 7i r 5 Ai («) + Ut (z) 
i = 1 

+ eijkojkTi(z)}. (3.2) 
Finally, the different amplitudes S, F,- etc. are then 
expanded in terms of spherical harmonics and vec-
tor spherical harmonics, respectively: 

S (z) = Yih (Qz) Sjj, (z0 , r) , 
Vi(z) = Y(n-ljt)i(&2) (z0, r) 

+ Y(jjh)i(Q2)vf3(z0,r) (3.3) 
+ Yui + ih)i(Qz)v$(z0,r) , 

T a b l e 1 . T h e different states of t h e system a n d t h e a m p l i t u d e s b e l o n g i n g to t h e m . ( T h e subscripts " e " a n d " o " r e f e r to 
the even or o d d behaviour of t h e a m p l i t u d e s u n d e r reversal of relative t ime. ) 

Parity ( - 1 ) i + 1 Pari ty ( - 1 ) / 

j even j o d d / even j o d d 
Trip let j=l± 1 T r i p l e t j=l± 1 S i n g l e t ; = I T r i p l e t j=I 

jy p States ji p States jv p States jv p States 

0 " 3 P 0 1 + ' S t + ' D t 0 + »So 1 " 3 P j 
2 " 3 P 2 + s F 2 3 + 3 D 3 + s G , 2 + * D 2 3~ 3 F S 

A m p l i t u d e s A m p l i t u d e s A m p l i t u d e s A m p l i t u d e s 
„ „ ( 4 ) „ ( 0 ) t ( 0 ) ( 4 ) ( 0 ) t ( 0 ) ( 4 ) ( 0 ) ( 0 ) ( 4 ) ( 0 ) ( 0 ) 
s 0 , v e , a 0 , t e , Se, Vo , ae , to j Po > « e i »o i uo , Pe» ao , Ve , Ue , 
Vo > v 0 , u 0 , u 0 v e , v e , u e , u e a 0 , a 0 , t e , te ae » a e » t o > t 0 
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and so on. For brevity, we will omit the subscript 
7'7'g in the following. The coupling of the various 
amplitudes and the quantum numbers belonging to 
them are shown in Table 1. It is obtained from the 
corresponding table in I by some changes in sign. 
The only important difference is that now we have 
a selection of the allowed combinations according 
to the angular momentum. Furthermore, we now 
have physical states also for those amplitudes which 
correspond to exotics of the second kind in the 
fermion-antifermion case (amplitudes s„ etc.). 

In the scattering problem, an enormous simplifi-
cation arises. If the external particles are on the 
mass-shell the relative time is zero for purely kine-
matical reasons. Thus all amplitudes with an " o " 
subscript vanish. 

4. Quark Model Considerations 

We now turn to the dynamical relation between 
bound states in fermion-fermion and fermion-anti-
fermion case. For definiteness, we will use the quark 
model but our considerations apply to all systems 
as well. 

The BS-equation for a quark-antiquark bound 
state in the ladder approximation reads in momen-
tum space: 

[m - (I P„ + qtl) ] rFA (q, P) [m + f (| Pr + qv) ] 

= ~-fd YU,(g-g)rFA(q,P) 7i~ i 
+ h(q-q)y**'Yk{q\P)v* 

+ Wq-q')W*Hq\P)y* (4-1) 

The corresponding diquark equation is: 

[m - y (1 P,t + q„) ] t'ff (q, P) [m + (| P, + qr) ] 

7l~ I 

+ iP(q-q')y5r'FF(q\P)y5 

-I"y(q-q)y^F(q\P)yy 

+ ^(q-q)y,y!yFF(q\P)y5yl.}. (4.2) 

It differs from (4.1) only in the sign of the vec-
tor interaction if we derive the BS kernels from an 
underlying Lagrangian. Of course, there will be no 
relation at all between the two cases if we use 
phenomenological interactions. But we believe that 
even if one adopts such a phenomenological stand-
point one should preserve the connection in (4.1) 
and (4.2) in order to reduce the number of free 
parameters. 

In the absence of vector interactions the two equa-
tions (4.1) , (4.2) will be identical. Therefore, they 
will have an identical spectrum of eigenvalues. So 
degenerate in mass to the TI one will find a diquark 
bound state with jip = 0+ , and the o will be accom-
panied by a 1+ diquark. This is in sharp contrast 
with the experimental situation where not a single 
diquark state has been found. So we conclude that 
a vector interaction is absolutely necessary in order 
to reproduce the experimental situation. Therefore 
all quark models without a vector interaction should 
be discarded, e. g. that of Joos et alias 5. 

This statement is not spoiled if we consider the 
normalization of the BS amplitudes. The normaliza-
tion integral involves essentially only the kinetic 
term which is identical in both cases. 

A reasonable quark model, in our belief, should 
not only give a reasonable meson mass spectrum, 
but also explain the absence of bound diquark states 
without introducing additional parameters. This re-
quirement enforces the presence of a strong vector 
interaction. But whether it is possible to fulfill re-
mains to be shown by explicit dynamical calcula-
tions. 
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